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G. Frey and M. Jarden (1974, Proc. London Math. Soc. 28, 112–128) asked if
every Abelian variety A defined over a number field k with dim A > 0 has infinite
rank over the maximal Abelian extension kab of k. We verify this for the Jacobians
of cyclic covers of P1, with no hypothesis on the Weierstrass points or on the base
field. We also derive an infinite rank criterion by analyzing the ramification of
division points of an Abelian variety. As an application, we show that any
d-dimensional Abelian variety A over k with a degree n projective embedding over k
has infinite rank over the compositum of all extensions of k of degree <n(4d+2).
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1. INTRODUCTION
Let A be an Abelian variety defined over a number field k with
dim A > 0. Over the years, many people have studied the Mordell–Weil
group of A over an infinite Galois extension, to wit:
• Finiteness results:
— Let K/k be a Zp-extension. Suppose that A(k) and I(A, k)[p.]
are both finite, and that A has ordinary good reduction at every place of k
above p. Then A(K) is finite (Mazur [7]).
— Let K be the compositum of k with all cyclotomic fields; then
A(K)tor is finite (Ribet [11]).
— Let A be a k-simple Abelian variety. If A does not have CM over k,
then A(kab) tor is finite, where kab denotes the maximal Abelian extension of
k (Zarhin [17]).
• Infinite rank results:
— A has infinite rank over an algebraic closure k of k (Frey and
Jarden [2] and Rosen [13]).
— There are examples of non-CM elliptic curves over Q which have
infinite rank over anticyclotomic extensions (Mazur [8] and Kurchanov
[6]).
— If the p-division field of an elliptic curve E/Q has Galois group
GL2(Zp), then E has infinite rank over this p-division field (Harris [4]).
By working with quadratic twists, Frey and Jarden [2] showed that
any elliptic curve over k has infinite rank over the maximal elementary
2-extension of k. This and other considerations led them to raise the
following.
Question. Does every Abelian variety defined over a number field k have
infinite rank over the maximal Abelian extension of k?
In the case of elliptic curves, to show that the points furnished by
quadratic twists are independent, heavy use is made of the multiplication
by a −1 map. This suggests applying similar arguments when the Abelian
variety under consideration is the Jacobian of a hyperelliptic curve or,
more generally, of a superelliptic curve yn=f(x). Results of this type have
been given in [5, 15, and 10] under the assumption that the curve in ques-
tion has a Weierstrass point defined over the base field. Moreover, in the
case of a superelliptic curve it is assumed that a primitive nth root of unity
is in the base field. One of the main goals of this paper is to remove these
restrictions. In Theorem 1 we deal with the Jacobian of a cyclic cover of the
projective line.
Recall that a branched covering j: CQ P1 defined over k is called
geometrically irreducible if, under the inclusion of function fields induced
by j, k is algebraically closed in the function field of C. Denote by JC the
Jacobian of C.
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Theorem 1. Let k be a number field. Let CQ P1 be a cyclic,
geometrically irreducible cover of degree n defined over k. Suppose that C has
positive genus. Then there exists a divisor d of n, which is either a power of 2
or an odd prime, such that the Jacobian of C has infinite rank over the
maximal Abelian extension of k of exponent d.
If there is a nontrivial map between two smooth curves CŒQ C, then the
Jacobian of C is isogenous to a factor of CŒ. Thus Theorem 1 implies the
following result.
Corollary 1. Let CŒQ P1 be a geometrically irreducible cover which
factors through a cyclic cover CQ P1 of degree n, all defined over a number
field k. Suppose C has positive genus. Then the conclusion of Theorem 1
holds for the Jacobian of CŒ.
Every geometrically irreducible, principally polarized Abelian variety
over k of dimension [3 is k-isogenous to a Jacobian. Every geometrically
irreducible genus 2 curve over k is a k-rational double cover of P1k, so
Theorem 1 implies the following result.
Corollary 2. The question of Frey and Jarden is true for any geomet-
rically irreducible, principally polarized Abelian surface defined over a
number field.
Remark 1. It would be interesting to investigate the case of Abelian
surfaces which are irreducible over k but not over k.
Specializing the cyclic cover CQ P1 in Theorem 1 gives rise to plenty of
points on C defined over cyclic extensions of k of degree dividing n. If we
fix one such point, say P0, the rest of these points P then give rise to the
divisors [P−P0] ¥ Pic0(C)(kab). We then need to give conditions on the
specializations so that these divisors correspond to independent points on
the Jacobian. Since C need not have a k-rational point, the field of defini-
tion of such divisors are in general Z/nZ×Z/nZ-extensions of k. Our
proof of Theorem 1 then comes down to (cf. Proposition 2) producing
infinitely many Z/nZ×Z/nZ-extensions K/k such that
rank JC(K) > rank JC(k).(1)
This can be sharpened as follows.
Theorem 2. Let C/k and d be as in Theorem 1. Then there exist
infinitely many cyclic d-extensions K/k, pairwise disjoint over k, such that
rank JC(K) > rank JC(k).
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The proofs of Theorems 1 and 2 occupy Sections 2–4 of the paper. To
check the independence of the points of JC obtained by specializing the
cyclic cover CQ P1 we make heavy use of the cyclic automorphism group
of the cover. Thus this argument does not extend to other branched covers.
Now, consider the general setup where A is an Abelian variety over k
together with a k-rational projective embedding. Pick a coordinate system
for the ambient projective space. Again we get infinitely many points on A
by specializing the coordinates. These points in general are not defined over
Abelian extensions of k, but every one of them is defined over an extension
of k of degree at most the degree of the projective embedding. We can then
ask if A acquires infinite rank in this way. By working with extensions of
slightly higher degree, in Section 5 we obtain the following result.
Theorem 3. Let A be a d-dimensional Abelian variety defined over a
number field k with d > 0 and with a degree n projective embedding over k.
Then A has infinite rank over the compositum of all extensions of k of degree
<n(4d+2).
Theorem 3 in turn is a consequence of the following infinite-rank cri-
terion, obtained by analyzing the ramification of division points of Abelian
varieties.
Theorem 4. Let A be an Abelian variety defined over a number field k
with dim A > 0. Let K/k be an infinite Galois extension such that A(K) has
finite rank. Denote by M the subfield of K/k generated by the coordinates of
the points of A(K). Let p be a prime of Ok at which A has good reduction.
Denote by p the residual characteristic of p. Then
(a) The tame ramification group of p in M/k is finite.
(b) Let m be a prime divisor of the tame ramification index of p in
M/k. Then for p sufficiently large, we have the congruence p i — 1 (mod m)
for some 1 [ i [ 2 dim A (depending on p).
Notations. If F is a local or global field, denote by OF the ring of
integers of F and by Fp the residue field of this prime.
For any integer n > 1, denote by zn a primitive nth root of unity. If A is
an Abelian variety defined over k and if n is invertible in k, denote by A[n]
the kernel (in A(k)) of the multiplication-by-n map.
2. PRELIMINARIES
The following elementary result follows readily from the Chinese
Remainder theorem.
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Lemma 1. Let K/k be a finite extension of number fields. Fix two
coprime ideals b, bŒ … OK and fix an element bŒ ¥ Ok. Let h1, ..., hr ¥K[x] be
pairwise coprime and separable. Then there exist distinct prime ideals
p1, ..., pr … OK not dividing bbŒ, and an element a0 ¥ Ok (not just OK), such
that
• pi | hi(a0) for every i,
• pj h hi(a0) for every j ] i, and
• (hi(a0), b)=(1) for every i,
• a0 — bŒ (mod bŒ).
Definition 1. Let A be an Abelian variety defined over a field L. Two
nonzero torsion points P1, P2 ¥ A(L) are said to be independent if the
subgroups of A(L) generated by P1 and P2 intersect trivially.
Let V be an algebraic variety defined over a number field k, and let P be
a k-rational point of V. Let q be a prime of Ok at which V has good reduc-
tion. Then we write P˜ and V˜ for the reduction of P and V mod q, respec-
tively (for what follows there will be no confusion about the prime of
reduction).
Proposition 1. Let C be a smooth curve of genus g > 0 defined over a
number field K. Denote by JC the Jacobian of C. Suppose C has a K-rational
point P0.
Then for any integer B > 0 there exist infinitely many triples (q, R, Q) with
pairwise distinct first components, where
• q … OK is a degree-1 prime at which C and JC have good reduction, and
q h B;
• R, Q ¥ C(Fq);
• both divisors [R−P˜0] and [Q−P˜0] have prime order >B in J˜C(Fq);
and
• [R−P˜0] and [Q−P˜0] lie in different cosets in J˜C(Fq)/J˜C[B!](Fq).
Proof. Denote by C (g) the gth symmetric product of C. Then the map
Y: C (g)Q JC,
Y: (Q1, ..., Qg)W [Q1−P0]+· · ·+[Qg−P0],(2)
is birational [9, Thm. 5.1(a)], so we can find Zariski closed subsets
YC Æ C (g) and YJ Æ JC such that
Y|C(g)0YC : C
(g)0YC Q JC 0YJ(3)
is biregular.
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Pick a prime m >max(B, g) such that JC(K) contains two independent
m-torsion points T1, T2 not contained in YJ(K). By (3) we can find
Q11, ..., Q1g; Q21, ..., Q2g ¥ C(K) such that Y(Qi1, ..., Qig)=Ti. Choose a
degree-1 prime q … OK not dividing mB, such that C and JC have good
reduction at q, the points [Q˜ij−P˜0] are pairwise distinct and are distinct
from 0˜, and q splits completely in every extension K(Qij)/K. Then Q˜ij lies
in C˜(Fq) (not just C˜(Fq)). We claim that for some indices j1, j2 (depending
on q), the two points Q˜1j1 , Q˜2j2 together with q satisfy the requirement of
the lemma. Since there are infinitely many choices of q, we are done.
It remains to verify the claim. To simplify the notations, write
J˜=J˜C(Fq); Ai=[Q˜1i−P˜0] ¥ J˜C(Fq);
J˜Œ=J˜C(Fq)[B!]; Di=[Q˜2i−P˜0] ¥ J˜C(Fq).
Since every Q˜ij ¥ C˜(Fq) and since q h m, both T˜1=;i Ai and T˜2=;l Dl
belong to J˜ and have prime order m > B. Thus we can find indices i, j such
that both Ai, Dj ¨ J˜Œ. We have two cases:
(i) We can find Dl ¨ J˜Œ such that Ai – Dl (mod J˜Œ). Then the triple
(q, Q˜1i, Q˜2l) satisfies the requirement of the Lemma.
(ii) For every l, either Dl ¥ J˜Œ or Dl — Ai (mod J˜Œ). Then T˜2 — lDj
(mod J˜Œ) for some positive integer l [ g, whence T˜2 — lAi (mod J˜Œ) by
hypothesis. Since T˜1 and T˜2 remain independent in J˜ and since m >
max(B, g) by choice, that means T˜2 – lT˜1 (mod J˜Œ). Thus there exists l ] i
such that Al ¨ J˜Œ and Al – Ai — Dj (mod J˜Œ). Then the triple (q, Q˜1l, Q˜2j)
satisfies the requirement of the lemma. L
The following is clear.
Lemma 2. Let C|Qj P1 be a cyclic, geometrically irreducible cover
defined over k. If C has positive genus, then over k this cyclic cover has a
quotient Cœ|Qf P1 which is a geometrically irreducible cover defined over k,
such that Cœ has positive genus and deg f is either an odd prime or a power of 2.
Corollary 3. To prove Theorems 1 and 2 it suffices to assume that C is
a cyclic cover of P1 over k of degree which is either a prime or a power of 2.
Proof. Let C1, C2 be smooth projective curves over k. Suppose there
is a k-rational morphism from C1 to C2. Then the Jacobian of C2 is
k-isogenous to a factor of the Jacobian of C1. The corollary then follows
from this remark and Lemma 2. L
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3. SPECIALIZING BRANCHED COVERINGS
In this section we recall the formalism for specializing a branched Galois
covering, and state a theorem of Beckmann concerning the ramification of
such specializations. For more details, cf. [1, Section 1].
Let C|Qj P1 be a geometrically irreducible branched Galois covering
defined over a number field k with Galois group G. Then j gives rise to a
finite Galois extension of function fields k(C) over k(P1) with Galois group
G. Identify k(P1) with the field of rational functions k(t); then we can write
k(C) as k(t)[x]/f for some irreducible polynomial f in x with coefficients
in k(t). If we specialize t to a value t0 ¥ k, then f(x, t0) is a one-variable
polynomial whose k-irreducible factors define Galois extensions of k.
Moreover, the Galois groups of the extensions so obtained are subgroups
of G.
The branched points of j are defined over k, so they fall into a finite
number of Gal(k/k)-orbits a1, ..., ar, each of which (say ai) breaks up into
points ai1, ..., aini over k. Fix a point a0 ¥ P
1 over k different from all the
aij. From the theory of topological covering spaces, we get a surjective map
r: p1(P
1
C 0{aij}ij, a0)“ G.
Let aij be a loop in P
1
C 0{aij}ij starting at a0 that winds around aij once and
winds around no other branched points, with the orientation chosen
so that <i <j aij is homotopically trivial in P1C 0{aij}ij. Then these aij
generate the fundamental group of the punctured projective line, and hence
the elements r(aij) generate G. Moreover, one checks that, for any i, each
of the elements r(ai1), ..., r(aini ) is conjugate in G to a power of an element
gi ¥ G, where the power is prime to the order of gi.
Compose j with a k-rational Möbius transformation if necessary; we can
assume that the aij ¥ P1k are not the point at .. Thus we can view these aij
as elements of k. For each i, the elements ai1, ..., aini have the same minimal
polynomial over k, which we denote by Ai(x).
Theorem 5 (Beckmann). Let C|Qj P1, Ai(x) ¥ k(x) and gi ¥ G be as
above. Then there exists a finite set S of prime ideals of Ok such that, for any
prime p … Ok not in S, the followings hold:
(a) Every Ai is p-integral.
(b) For every a ¥ Ok which is not a branched point of j, we have
p | Ai(a) for at most one i (depending on a and p).
(c) Let L/k be one of the Galois extensions obtained by specializing j
at a nonbranched point a ¥ Ok. Suppose that p || Ai(a) for some i. Then the
inertia group of p in L/k is G-conjugate to the subgroup generated by gi.
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(d) With L/k and a ¥ Ok as in Part (5) , if p … Ok does not belong to S
and if p h n ·Ai(a) for every i, then L/k is unramified at p.
Remark 2. This is a special case of Beckmann’s theorem [1,
Theorem 1.2 and Proposition 4.2]. Unlike Beckmann, we do not assume
that G has a trivial center, or that the branched covering has a ‘‘good
model’’ over k. A quick inspection of the arguments in [1] shows that
these relaxed hypotheses result in enlarging the set S by a finite number of
(unknown) bad primes, which is sufficient for our purpose.
4. CYCLIC COVERS OF P1
In view of Corollary 3, to prove Theorem 1 we can assume that CQ P1
is a cyclic cover of degree n, where n is either an odd prime or a power of 2.
Over the field K=k(zn), this covering has a model of the form
yn=f(x)(4)
with f ¥K[x]. Write J for the Jacobian of C over k. By a good prime of K
we mean a prime ideal of OK at which both C and J have good reduction.
The map (x, y)Q (x, zn y) is an automorphism of C. It induces a
K-rational endomorphism j of J, and the map zn W j gives rise to an
inclusion
F: Q(zn)+ EndK(JK) éQ.(5)
Viewing Ok as a subset of P
1
k, it makes sense to speak of specializing the
cyclic cover CQ P1 at an element b ¥ Ok. The coordinates of all the points
of the fiber lying above b together then generate a cyclic extension Kb/k of
degree dividing n.
Let Ai(x) and gi be as defined in Section 3 with respect to the cyclic
n-cover CQ P1, so the gi together generate Z/n. Denote by S the product
of the prime ideals in the set S furnished by Theorem 5 with respect to the
covering CQ P1.
Theorem 1 readily follows from the following
Proposition 2. For any integer t > 0 there exist points P0, P1, ..., Pt
¥ C(k), such that each Pi is defined over a Z/n-extension of k, and that for
1 [ i [ t, the divisors [Pi−P0] gives rise to independent points on J(k).
Furthermore, given any ideal a … Ok prime to n ·S, we can arrange the Pi
such that for each i, every subfield of of the cyclic n-extension k(Pi)/k other
than k is ramified at a finite prime in Ok not dividing a.
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These points Pi are constructed by specializing the cyclic cover CQ P1 at
carefully chosen elements of Ok. Actually, the proof of Theorem 1 does not
require the extra information about ramification outside of a, but we will
need this for the proof of Theorem 2.
We begin with the point P0, which is independent of t.
Construction of P0
In addition to being k-irreducible, the Ai are pairwise coprime since they
have no roots in common. Apply Lemma 1 with b=n·S ·a and
bŒ=Ok, bŒ=1,2 and we get a0 ¥ Ok and prime ideals p1, ..., pr … OK, such
2 That is, we do not impose further congruence conditions on a0; such conditions will be
needed in the construction of the other Pi.
that
(a) a0 is not a branched point of the cyclic cover,
(b) every pi h n ·S,
(c) for every j, we have pj || Aj(a0) and pj h Al(a0) if l ] j,
(d) q h Ai(a0) for every i and every prime q |a.
By the Chebotarev density theorem, we can find two prime ideals r1,
r2 … Ok such that
(e) every prime ideal of OK lying above ri is a good prime,
(f) every ri h n ·NormK/k(disc(f));
(g) r1, r2 have different residual characteristics, both ri h n, and both
ri split completely in KKa0/k.
Define a set
AŒ={a ¥ Ok : a ] a0, a — a0 (mod r1r2)}.
Lemma 3. There exists a constant B0 > 0 such that if a ¥ AŒ, then
#J(KKa0Ka)tor < B0.
Proof. In view of (4) and the conditions (e), (f), and (g), we see that for
any b ¥ Ok prime to n ·NormK/k(disc(f)) we have ri splits completely in
KKb/k if and only if the polynomial xn−f(b) splitting completely modulo
ri. Since a — a0 (mod r1r2), it follows that both ri split completely in
KKa/k, and hence in KKa0Ka/k by the condition (f). Consequently, the
prime-to-ri part of J(KKa0Ka)tor injects into J(Fri ). As r1 and r2 have
different residual characteristics, it follows that #J(KKa0Ka)tor [ #J(Fr1 )
#J(Fr2 ), which is independent of the choice of a. L
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With a0 ¥ Ok as above, let P0 be a point in the fiber of the cyclic cover
lying above a0. To simplify the notations, for any a ¥ AŒ write
L=Ka0K, La=KaL.
With respect to the model (4), over K we can write the point P0 ¥ C(Ka0 )
as P0=(a0, b0), with b0 ¥ L such that bn0=f(a0). We have an inclusion
C(L)Q J(L) sending a point P ¥ C(L) to the divisor [P−P0] ¥ J(L). With
B0 as furnished by Lemma 3, set B=nB0 ·deg(1−j). By Proposition 1 we
can choose a good, degree-1 prime q … OK and two points R, Q ¥ C(Fq)
such that
(i) q h B·n ·disc(f);
(ii) [R−P˜0], [Q−P˜0] ¥ J(Fq) have the same prime order >B;
(iii) [R−P˜0] and [Q−P˜0] lie in different cosets of J(Fq)/J[B](Fq).
Since [R−P˜0] and [Q−P˜0] have prime order >B and B > deg(1−j),
from 3 we get
(iv) deg(1−j) · [R−P˜0] and deg(1−j) · [Q−P˜0] lie in different
cosets of J(Fq)/J[B](Fq).
Denote by51−j the dual isogeny of 1−j. It is defined over K and survives
reduction mod q. Thus the following expression defines a point in J(Fq):
51−j C
n−1
i=1
j i([(a0, znb0)−P˜0]).(6)
At least one of the two points furnished by conditions 3 and 3 lies in a
different coset in J(Fq)/J[B](Fq) from that of the point in (6); denote by
PŒ ¥ C(Fq) one such point. Since q h n, the finite field Fq contains all the
nth roots of unity. Condition 3 implies that the model (4) makes sense
mod q, so we can write PŒ=(aŒ, bŒ) ¥ C(Fq) with (bŒ)n=f(aŒ). Since q has
degree 1, the following set is nonempty:
Aœ={a ¥ AŒ : a — aŒ (mod q)}.
This completes the construction of P0. We have also established the
auxiliary results needed to construct the remaining points.
Construction of Pi, i > 0
Lemma 4. For any integer t > 0 and any ideal a … Ok prime to n ·S, we
can find the elements a1, ..., at ¥ Aœ and, for each i ¥ {1, ..., t}, the prime
ideals pi1, ..., pir … OK, such that:
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(a) none of the ai is a branched point of the cyclic cover;
(b) every pij h nSr1r2qa;
(c) for any i ¥ {0, ..., t} and j ¥ {1, ..., r}, we have pij | Aj(ai) and
pij h Al(ai) if l ] j;
(d) for any i ¥ {1, ..., t} and j ¥ {1, ..., r}, we have pij h <l < i
Disc(Kal/k), and
(e) q h Ai(aj) for every i, j and every prime q |a.
Proof. Apply Lemma 1 t-times, where at the ith iteration we take
bŒ=q, bŒ — aŒ (mod q), and b=nSr1r2q<l < i Disc(Kai/k). L
Lemma 5. Let t > 0, a … Ok, ai ¥ Aœ, and pij … OK be as above. Then for
every i \ 0 and j \ 1,
(a) Kai/k is a cyclic n-extension;
(b) every Kai/k is unramified at every prime q | a;
(c) Kai 5K=k, and Kai 5Kaj=k if j ] i;
(d) every subfield of Kai/k other than k is ramified at a finite prime
not dividing<l < i Disc(Kai/k).
Proof. By Lemma 4(b), the pij’s do not belong to the set S in Theorem
5. So for any fixed i, the condition (c) in Lemma 4 and Theorem 5 imply
that the inertia groups of the pij together generate Z/n. This verifies parts
(a) and (d); part (c) now follows from part (d), and part (b) follows from
the condition (e) in Lemma 4 plus the condition (4) in the construction
of a0. L
For i=1, ..., t, let Pi be a point in the fiber of the cyclic cover lying
above ai as furnished by Lemma 5. Then the divisor [Pi−P0] gives rise to
a point in J(KaiKa0 ).
Lemma 6. For i=1, ..., t, no nonzero multiple of the point [Pi−P0] lies
in J(L).
Proof. Since jn−1+·· ·+j+1=0 in EndK(J) éQ,
l[Pi−P0]=−C
n−1
i=1
j i(l[Pi−P0]).(7)
Lemma 5(a,b) furnish an element y ¥Gal(La/L) taking n`f(a) to n`f(a) zn.
Suppose that l[Pi−P0] ¥ J(L) for some nonzero integer l. Then the left
side of (7) is y-invariant. Moreover, y commutes with j and j[Pi−P0]=
[Pyi −P0]−[(a0, znb0)−P0], so
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l[Pi−P0]=− C
n−1
i=1
j i(l[Pyi −P0])
=− C
n
j=2
j j(l[Pi−P0])− C
n−1
i=1
j i(l[(a0, znb0)−P0]).
Comparing the second equality above with (7), we see that
(1−j) l[Pi−P0]=−l C
n−1
i=1
j i[(a0, znb0)−P0] ¥ J(L),(8)
whence
(1−j)[Pi−P0]=(a point in J[l](La))− C
n−1
i=1
j i[(a0, znb0)−P0] ¥ J(L).
Appling the dual isogeny51−j to both sides and noting that51−j(1−j)=
multiplication by deg(1−j) on J, we get
deg(1−j) · [Pi−P0]
=(a point in J[l](La))−51−j C
n−1
i=1
j i[(a0, znb0)−P0] ¥ J(L).
Since ai ¥ Aœ, we have f(a) — f(aŒ) — bŒn (mod q), so q splits completely in
KaK/K and hence in La/L. Lemma 3(e) and the condition q h B imply that
J(La)tor injects into J(Fq), whence (8) implies that the image of [Pi−P0] in
J(Fq) is generated by (6) and by the points in J(Fq) of order [B, contra-
dicting our choice of PŒ. L
Proof of Proposition 2. The first part of the proposition follows from
Lemma 4. Now, suppose that the second part is false. Then there exists
integers l1, ..., lt, not all zero, such that
l1[Pa1 −P0]+· · ·+lt[Pat −P0]=0 ¥ J(L).(9)
Say li ] 0. Then li[Pai −P0] is defined over Lai 5 (<j ] i Laj ), which by
Lemma 5(b) is equal to L, contradicting Lemma 6. Finally, the ramification
condition is built into the construction of the fields Kai (cf. Lemma 4(4)
and the proof of Lemma 5). This completes the proof of the proposition
and hence of Theorem 1. L
Proof of Theorem 2. In view of Corollary 3 we are reduced to the case
where the curve C is a cyclic cover of P1 over k of degree n which is either
an odd prime or a power of 2. Write J for the Jacobian of C. By Proposi-
tion 2, for any integer t > 0 we can construct an arbitrarily large number of
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finite Abelian extensions K/k of exponent n, pairwise disjoint over k, such
that rank J(K) > rank J(k)+t. Theorem 2 then follows from the following
result. L
Proposition 3. Let p be a prime, and let K/k be a finite, Abelian
p-extension. Let A be an Abelian variety over k. If rank A(K) > rank A(k),
then there exists a cyclic extension L/k contained in K such that
rank A(L) > rank A(k).
Proof. The complex vector space V :=A(K)éZ C is a representation
space of the finite Abelian group G :=Gal(K/k). Thus we can find a basis
{ei}i of V such that the G-action on each ei is given by a character
qi: GQ C ×. Since rank A(K) > rank A(k), at least one qi, say q1, is non-
trivial. The kernel of q1 then defines a proper subgroup H1 … G with cyclic
quotient, whence KH1/k is a nontrivial cyclic extension. Note that VH1=
A(KH1) éZ C contains e1 ¥ V−A(k) éZ C, so rank A(KH1) > rank A(k), as
desired. L
5. RAMIFICATION OF DIVISION POINTS
Let A/k be an Abelian variety. For any point P ¥ A(k) and any rational
prime l, denote by k((1/l.) P) the extension of k generated by the coor-
dinates of the points Q such that lmQ=Pi for some m \ 1. Note that
k((1/l.) Pi)/k contains the extension Ll/k generated by the torsion points
of A of l-power order.
Proof of Theorem 4. Since A(M)=A(K) has finite rank, there exists a
finite number of points P1, ..., Pr ¥ A(M) such that every point P ¥ A(M)
can be expressed as
P=P0+c1P1+·· ·+crPr,(10)
where P0 ¥ A(M) is a torsion point and ci ¥Q. (Note that we do not claim
that A(M) is divisible). It follows from (10) that
M …D
i
D
l
k 1 1
l.
Pi 2 .(11)
We analyze the ramification of the right side of (11) at p by examining the
successive steps of the towers of fields k … k(Pi) … k(Pi) Ll … k((1/l.) Pi).
Since every k(Pi)/k is a finite extension, for p sufficiently large we can
assume that p is unramified in k(Pi)/k for all i. Write d=dim A.
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• k(Pi) Ll/k(Pi): Since A has good reduction at p, this extension is
ramified at p only if p | l. So suppose p=l. Then Gal(k(Pi) Ll/k(Pi)) is
a subgroup of GL2d(Zp), so tame ramification comes from the mod p
representation of A only, which is finite.
• k(1/l. Pi)/k(Pi) Ll: Gal(k(1/l.Pi)/k(Pi) Ll) is a subgroup of the
pro-l group Z2dl , so there is no tame ramification if p | l. If p h l, standard
arguments on ramifications in Zl-extensions [16, Proposition 13.2] shows
that this extension is unramified.
Putting everything together, we see that the right side of (11) has finite
tame ramification at p, from which Part (a) follows. Furthermore, if p is
sufficiently large then any tame ramification of p must come from
k(Pi) Lp/k(Pi). In particular, the tame ramification group of p must be a
semisimple cyclic subgroup GL2d(Z/pZ). Every semisimple element of
GL2d(Z/pZ) has order dividing<2di=1 (p i−1). Part (b) then follows. L
Remark 3. The image of mod-p representations is contained in the
subgroup GSp2d(Z/pZ) of GL2d(Z/pZ). This should allow us to improve
upon the upper bound i [ 2d slightly.
Proof of Theorem 3. Let A … PNk be a smooth, degree n projective
embedding over k. Repeated applications of Bertini’s Theorem ([3,
Theorem 17.16]—the proof there applies to any field of characteristic 0)
then furnishes a k-rational two-dimensional plane P … PNk such that P^ … A
and such that C :=P 5 A is smooth. Thus C is a smooth, degree n plane
curve over k, and hence is geometrically irreducible. Project P to a line
P1k …P and we get a geometrically irreducible branched cover C|Q
j P1k
over k of degree n.
It is well-known that there exists a prime m such that 2d+1 < m <
4d+2. Let p be a primitive root mod m. Then the infinite set of primes
p — p (mod m) is contained in
S(m, d) :={p prime: p i – 1 (mod m) for all 1 [ i [ 2d}.
In particular, S(m, d) is infinite.
Fix a choice of A1k … P1k. Let m be as above. The affine map zW zm then
induces a morphism fm: P
1
k Q P
1
k. Let p … Ok be a prime lying above a
rational prime p in the set S(m, d). View Ok as a subset of A
1
k, so it makes
sense to speak of specializing the k-rational branched cover j p fm at a
uniformizer of p. This gives rise to points on C, and hence on A, which are
defined over an extension L/k, where
• [L : k] divides deg(j p fm)=nm < n(4d+2) and
• m divides the tame ramification index of p in L/k.
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Let p run through the infinite set of primes in S(m, dim A) and apply
Theorem 4 and we get the first part of Theorem 3. The second part is clear
from the argument above. L
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